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Abstract. We study the electronic band structure and the local density of states of different
GaAs–AlAs Fibonacci superlattices grown along the [001] direction. We use an empirical tight-
binding Hamiltonian including spin–orbit coupling together with the surface Green function
matching method. We have analysed second-to-fifth-generation superlattices with different
generating layer thicknesses. A selective localization of the local density of states in the thickest
GaAs slabs is found for both the highest valence and lowest conduction band states in all of the
cases considered in our study.

1. Introduction

In the last few years much attention has been paid to studies of the physical properties
of solids with long-range order, lacking translational symmetry [1–9], induced by the
fabrication of aperiodic low-dimensional systems [1, 2] and the discovery of quasicrystals [3,
4]. These aperiodic systems, whose structural order is described by means of deterministic
sequences, can be considered as an intermediate case between periodic and disordered
one-dimensional solids, and they exhibit rather exotic electronic properties not shared by
crystalline and amorphous solids. Among several quasiperiodic models, the Fibonacci
system, which is a linear lattice constructed recursively, is the one-dimensional version
of the quasicrystals, and it has been the subject of intensive theoretical studies as a model
of the quasicrystals. The Fibonacci system has been investigated mainly in the single-band
tight-binding limit. Two special cases are usually studied. The first one considers all of
the hopping-matrix elementsVij = V constant and the on-site energiesEi take two values,
arranged in a Fibonacci sequence. This model is known as theon-sitemodel. The second
one has the on-site energiesEi = E0 constant but the hopping-matrix elementsVij take
two values, arranged in a Fibonacci sequence. This model is known as thetransfermodel.
It is found in both models that the energy spectrum is self-similar, and the energy band
divides into three subbands, each of which further divides into three and so on [10–14], thus
creating a singular continuous spectrum which in the infinite limit reduces to a Cantor-set
spectrum with dense energy gaps everywhere [15–18]. A more realistic study was done [19]
by using a semiempirical sp3s∗ Hamiltonian [20] and arranging atomic layers of GaAs and
AlAs in a Fibonacci sequence. Hiroseet al calculated the electronic structure up to the 12th
generation, which has a total of 144 GaAs and 89 AlAs layers. The GaAs/AlAs system is
particularly well suited for these structures, because their parameters can easily be tailored
to meet a specific need, and this system has been used to grow Fibonacci superlattices [2,
21]. We shall consider here the effects of the full crystalline structure as in [19] and of
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the different thicknesses of the constituent layers on the electronic band structure and the
localization of the different states of the GaAs/AlAs (001) Fibonacci superlattices.

In section 2 we present the theoretical model and the method of calculation. Results
are presented in section 3 and conclusions are presented in section 4.

2. The theoretical model and method

The GaAs/AlAs Fibonacci superlattices are grown by stacking recursively along thez-
direction, with two generators, blocks A and B, mapping the mathematical rule in the
Fibonacci sequence

S1 = {A} S2 = {AB} S3 = {ABA} · · · Sn = Sn−1Sn−2 (1)

where A consists of (AlAs)i /(GaAs)j layers and B of (AlAs)i /(GaAs)l layers, which we
shall abbreviate as(i, j, l).

The empirical tight-binding (ETB) Hamiltonians [20, 22] are very useful for studying
the electronic and optical properties of semiconductor heterostructures. The ETB models
include the multiband and band-mixing characteristics together with the crystalline symmetry
for the bulk constituent materials, and they can be more useful than thek · p method
in the study of the properties of these systems in the complete Brillouin zone. It is
also known that self-consistent ETB calculations for semiconductor interfaces [23–25]
gave results for the band offset comparable to those obtained within the local density
approximation (LDA) [26]. It is then clear that the ETB Hamiltonians are a good choice
for studying the electronic properties of Fibonacci superlattices on a more realistic basis,
beyond the aspects studied with thetransfer and on-site models. We use an sp3s∗ ETB
Hamiltonian [20] including nearest-neighbour interactions and spin–orbit coupling [27].
The ETB parameters are those employed in [28], and we have used the following energy
reference:EV (AlAs) = −0.55 eV,EC(AlAs) = 1.75 eV, which corresponds to the AlAs
indirect band gap,EV (GaAs) = 0.0 eV andEC(GaAs) = 1.55 eV. This band offset is
within experimentally accepted values for (001) interfaces [29] and corresponds to a 66/34
band-offset rule [30].

The Fibonacci superlattices involve many inequivalent interfaces. We shall employ a
recently developed version of the surface Green function matching (SGFM) method [31],
specially adapted to deal with an arbitrary numberN of inequivalent interfaces [32]. The
method has been fully explained in [32] and will not be repeated here. The eigenvalues
are obtained from the peaks in the imaginary part of the trace of the interface projection of

the Green function of the matched system̃G
−1
S [32]. A small imaginary part of 10−3 eV

was added to the real energy variable, which was varied in steps of 0.01 eV, and iterations
were carried out until absolute differences between the last iterations of order 10−6 eV were
obtained. We have found in previous practical calculations that this provides a satisfactorily
accurate procedure. The spatial localization was obtained by calculation of the local density
of states in the different layers of the Fibonacci superlattice period, which is directly obtained
from the Green function of the whole systemGS [32].

3. Results

We have considered different combinations for the A, B blocks, and consequently
the (i, j, l) indices quoted above. Our choice has been to find numbers such that
(i + j)/(i + l) is very close to thegolden meangiven by (

√
5 + 1)/2, although this
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requirement is not essential [2, 21]. The(i, j, l) generators considered in our study were
(3, 10, 5), (5, 8, 3), (7, 14, 6), (8, 13, 5) and(10, 11, 3), ranging from the second to the fifth
generation, and ranging fromfour to sixteeninequivalent interfaces. In this way it will be
possible to study the influence of the relative thicknesses of the constituent materials on the
properties of the Fibonacci superlattices.

The band structures of the different superlattices exhibit a similar appearance to that
shown in [19], the only difference being the lifting of the degeneracy in the heavy-hole
band due to the inclusion of the spin–orbit coupling, and they will not be shown here. This
behaviour can be seen in a different way by looking at the density of states at different
symmetry points.

Figure 1. The LDOS summed over a superlattice period, in arbitrary units, for the valence bands
at the0 point of a (5, 8, 3) Fibonacci superlattice. (a) Third generation; (b) fourth generation;
(c) fifth generation.

Figure 1 gives the local density of states (LDOS), summed over a superlattice period, in
arbitrary units, for the valence bands at the0 point, for the third, fourth and fifth generations
of a (5, 8, 3) Fibonacci superlattice. It can be seen that the range−0.5 eV 6 E 6 0 eV
exhibits the same structure for the different generations, but for the lower energies the
number of states increases with increasing number of generations, and the trifurcation of
the heavy holes can be seen.

Figure 2 gives the same information for the conduction band states. It can be seen that
the behaviour of the LDOS in the range 1.6 eV6 E 6 2 eV is very similar for the different
generations. For higher energies, up to 3 eV, the number of states increases with increasing
number of generations, but no trifurcation is seen, and no Fibonacci structure appears. In
that energy region the conduction states have no s character, like in the lower-energy region,
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Figure 2. As figure 1, but for the conduction band states of a(5, 8, 3) Fibonacci superlattice.

but they have s, p and s∗ contributions, coming from the AlAs X point. This band mixing
destroys the Fibonacci structure in that region.

Figure 3 gives the LDOS summed over a superlattice period, in arbitrary units, for the
valence bands at the X point corresponding to the third, fourth and fifth generations of a
(5, 8, 3) Fibonacci superlattice. It can be seen that the LDOS has the same behaviour in the
different generations, and that only a small number of states exist, as opposed to the case of
the0 point in figure 1. In this case no Fibonacci structure exists. This high degeneracy at
the X point is induced by a strong mixing of the different states, and the Fibonacci structure
is destroyed, independently of how high the Fibonacci generation number is.

Figure 4 presents the same information for the conduction band states. It is easy to see
that we have a repetition of the behaviour seen in figure 3. A high degree of degeneracy
of the conduction states is evident, as compared with figure 2, and no Fibonacci structure
survives to the strong mixing of the different states.

We have seen that the Fibonacci structure is only found at some points of the superlattice
Brillouin zone, mainly in the vicinity of the0 point, and for some energy ranges. This
can easily be understood if we take into account that our model includes different on-site
energies and hopping parameters for the different orbitals, the valence band offset and the
three-dimensional crystal geometry, and the Fibonacci sequence acts on all of these items. It
is then clear that the clear-cut predictions of theon-siteandtransfermodels must be blurred,
at least, or even destroyed in our case. It is easy to understand that those states having no
strong mixing of the different orbitals will be more suitable for providing evidence of the
Fibonacci structure, as shown before.

We shall pass on to studying now the spatial localization of the lowest conduction band
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Figure 3. As figure 1, but for the valence band states
at the X point of a(5, 8, 3) Fibonacci superlattice.

Figure 4. As figure 3, but for the conduction band
states of a(5, 8, 3) Fibonacci superlattice.

and highest valence band states at the superlattice0 point, which are among those exhibiting
the Fibonacci structure as discussed before. We shall consider here different generators to
see the influence of the relative thicknesses of the constituent slabs on the spatial localization
of the different states.

In all of the cases studied we have found that they concentrate in the thickest GaAs
slabs in the superlattices, although some spectral strength can be found in the narrowest
GaAs slabs and the intervening AlAs slabs in some cases. Some additional features of the
spectral strength can be found, and they will be illustrated now.

Figure 5 gives the local spectral strength, in arbitrary units, corresponding to the two
highest valence band states of a fourth-generation(8, 13, 5) superlattice versus the atomic
layers in the period of the superlattice. The energies of these states are−0.04 eV and
−0.09 eV, respectively. We see the localization in the GaAs slab having 13 monolayers.
It is also clear that the behaviour is different in the two cases. In the first case the spectral
strength is the same in the three thickest GaAs slabs, while there is a clear difference in the
lower state.

In figure 6 we present the same information for the fourth generation of a(7, 14, 6)
Fibonacci superlattice. The sum of AlAs and GaAs layers in the generating blocks of this
superlattice is the same as that in the(8, 13, 5) one, and the thicknesses of the constituent
slabs differ by one monolayer only. The situation is analogous to that of figure 5, although
the behaviour of the spectral strength corresponding to the lower state is the reverse of that
shown in figure 5. The energy values of the states considered in figure 6 are−0.04 eV and
−0.08 eV, respectively.
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Figure 5. The distribution of the LDOS, in arbitrary units, of the two highest valence band
states at the0 point in the different layers of a(8, 13, 5) fourth-generation Fibonacci superlattice.
(a) E = −0.04 eV; (b)E = −0.09 eV. (•, cations;◦, anions.)

Figure 6. As figure 5, but for a(7, 14, 6) fourth-generation Fibonacci superlattice. (a)E =
−0.04 eV; (b)E = −0.08 eV.
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Figure 7. The distribution of the LDOS, in arbitrary units, of (a) the lowest conduction band
state (E = 1.68 eV) and (b) the highest valence band state (E = −0.06 eV) at the0 point in
the different layers of a(3, 10, 5) fifth-generation Fibonacci superlattice. (•, cations;◦, anions.)

Figure 8. As figure 7, but for a(10, 11, 3) fifth-generation Fibonacci superlattice. (a)E =
1.68 eV and (b)E = −0.06 eV.
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In figure 7 we present the local spectral strength, in arbitrary units, corresponding to
the lowest conduction band and highest valence band states of the fifth generation of a
(3, 10, 5) Fibonacci superlattice. The energies of these states are 1.68 eV and−0.06 eV,
respectively. The same behaviour of the spectral strength is evident for the two states. A
completely analogous behaviour is observed for the(5, 8, 3) superlattice which corresponds
to the same(i + j)/(i + l) value.

Figure 8 shows the same information for the fifth generation of a(10, 11, 3) Fibonacci
superlattice. The energies of the corresponding states are also 1.68 eV and−0.06 eV,
respectively. The behaviour of the spectral strength is the same for the two states, but it
shows a difference as compared to figure 7. In figure 8 the spectral strength is concentrated
in the same way in all of the 11-monolayer GaAs slabs, while in figure 7 it is clear that one
of the 10-monolayer GaAs slabs shows a clear reduction in the spectral strength contained
there. The energy values of these states are very close to those of GaAs quantum wells
with 10 and 11 monolayers [33], and quite different from those corresponding to GaAs
quantum wells of 3 and 5 monolayers [33], which are the other GaAs thicknesses entering
the superlattices under consideration. The predominant localization in the thickest GaAs
slabs is then understandable.

We have seen that there are some different cases related to the different thicknesses
of the constituent slabs, although the main conclusion is the selective localization in the
thickest GaAs slabs of the lowest conduction and highest valence band states in the different
Fibonacci superlattices considered here.

4. Conclusions

We have studied the second to the fifth generation of different (001) GaAs/AlAs Fibonacci
superlattices, by means of an ETB sp3s∗ Hamiltonian and the SGFM method. We have
found that the Fibonacci structure can only be observed for some energy ranges and for
wavevectors in the vicinity of the superlattice0 point. The states showing the Fibonacci
structure do not have a strong mixing of the different orbital components, and therefore are
similar to those described by theon-site and transfer one-dimensional models. We have
also seen that the lower conduction and higher valence band states show a selective spatial
localization in the thickest GaAs slabs forming the superlattice, although some particular
situations associated with the relative thicknesses of the slabs forming the superlattices can
be found.
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[25] Flores F, Duŕan J C and Mũnoz A 1987Phys. Scr.T 19 102
[26] Van de Walle C G and Martin R M 1986J. Vac. Sci. Technol.B 4 1055
[27] Chadi D J 1977Phys. Rev.B 16 790
[28] Contreras-Solorio D A, Velasco V R and Garćıa-Moliner F 1993Phys. Rev.B 48 12 319
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